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ABSTRACT

Aims. This paper studies photometric and spectropolarimetric variability of HD 210684 in order to derive its magnetic properties,
rotational period, evolutionary stage, and global stellar parameters.

Methods. The Discrete Fourier Transform is used to measure frequencies and amplitudes of periodic signals present in light curves
of HD 210684. Evolution models are calculated with MESA, while roAp type pulsations are simulated with GYRE. The values of
Tesr, log(g), vsini, and radial velocity (RV) are derived from the best fit of Balmer line profiles using FITSB2. The Least Square
Deconvolution (LSD) method is applied to Stokes I & V spectra to measure the mean longitudinal magnetic field (B,) and RV.
Results. Detailed analysis of photometric variability of the light curves provided by TESS for HD 210684 reveals rotational mod-
ulation with period P=5.02188+0.00005 d and splitting of high-overtone pulsations that corresponds to the same rotational period.
Derived (B,) measurements also show periodic variability with P=5.02188 d, but this variability appears to be different from the one
predicted by a centred magnetic dipole model, suggesting that the configuration of the surface magnetic field is more complex than
the dipolar one. We have determined the inclination angle between the line of sight and the rotation axis to be i = 31° + 2°, and the
angle between the rotation and magnetic dipole axes as 8 = 77° + 3°. Simulations of stellar pulsations constrain log 7. < 3.85 and
show that our best fitting model depends on whether the observed modes are £ = 1 or £ = 2.

Conclusions. Considering the derived value of 3, we prefer the best fit model with £ = 2 modes, which predicts that HD 210684 lies
on the main sequence with an age of approximately 1.45 Gyr. Meanwhile, only the most evolved and coolest models in our grid show
n > 0 (when frequencies are driven) for the observed triplet. The best fit of Balmer line profiles has resulted in higher values of 7.t and
log(g) for spectra acquired at rotational phases ¢= 0.14 — 0.39 suggesting visibility of an area with higher surface temperature. Strong
asymmetry of the LSD Stokes I profiles derived at ¢= 0.307 and 0.394 supports this hypothesis. Clear variability of the LSD Stokes
I profiles with rotational phase argues for horizontal abundance stratification that may be linked to the inhomogeneity of surface
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temperature. Further spectropolarimetric observations of HD 210684 are required to study its unique properties in detail.
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1. Introduction

The Transiting Exoplanet Survey Satellite (TESS) (Ricker et al.
2015) launched in April of 2018, has collected a huge amount
of high-quality photometric data for stellar targets located over
the whole sky during the last 7 years of its operation. Exten-
sive analysis of the TESS data provided by Mikulski Archive for
Space Telescopes' (MAST) enabled the discovery of new candi-
date roAp stars (see for example Mathys et al. 2023) and confirm
the presence of high-overtone pulsations in the known roAp stars
located in Southern (using the cycle-1 data) (Holdsworth et al.
2021) and Northern (using the cycle-2 data) (Holdsworth et al.
2024) hemispheres. HD 210684 was first identified as a roAp
type candidate by O. Kobzar in 2020 with rotational modulation
(P =5.04+0.02 d) during the analysis of the cycle-2 data for his
master’s thesis.

HD 210684 (HIP 109552, TIC 259017938) is located
142.71+£0.46 pc from our Sun (Brandt 2021) and according
to Cannon & Pickering (1993) has been assigned the FO spec-
tral type. By studying its long-term proper motion in the Hip-

! https://mast.stsci.edu/portal/Mashup/Clients/Mast/Portal.html

parcos data and Gaia’s second data release (GDR2) catalogs
Kervella et al. (2019) have detected a proper motion anomaly
consistent with the presence of a perturbing secondary object of
mass M=79.35+9.63 M, located at distance around 1.89 A.U.
from the primary. Balona (2022) has reported a detection of ro-
tational modulation with period P = 5.102 d in the TESS light
curve of HD 210684 and marked it as a probable roAp candi-
date. Based on the clear detection of the high-overtone pulsa-
tions at 1.352116 mHz, Holdsworth et al. (2024) have confirmed
its roAp nature.

The roAp stars are known to possess chemically peculiar
stellar atmospheres (Gelbmann 1998; Ghazaryan et al. 2019)
where convection is suppressed by a relatively strong magnetic
field and atomic diffusion can lead to horizontal and vertical
abundance stratification (Michaud 1970; Alecian & Stift 2021;
Alecian 2023). Since 2020, when HD210684 was still a roAp
candidate, regular spectropolarimetric observations of this target
have been carried out at the Canada-France-Hawaii Telescope
(CFHT) to accumulate Stokes I & V spectra suitable for abun-
dance analysis and for measurements of magnetic field, which
is expected to be found in roAp stars. Detection of a significant
mean longitudinal magnetic field in HD 210684 and its variabil-
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ity with the period of stellar rotation are crucial additional evi-
dence of its roAp nature. Expected variability of Stokes I & V
line profiles with the same rotational period will indicate pres-
ence of peculiar abundance patches in stellar atmosphere of the
studied target, and open the door for abundance mapping and
reconstruction of magnetic field configuration.

Therefore, in this article, we aim to carry out an extensive
analysis of the available data for the recently discovered roAp
variable HD 210684. We combine its TESS photometric data
with high-resolution Stokes I & V spectra obtained with the
spectropolarimeter ESPaDOnS to study the pulsation properties
of this target, derive its rotation period and global stellar param-
eters, measure the mean longitudinal magnetic field and the pe-
riod of its variability. Photometric and spectropolarimetric ob-
servations of HD 210684 are described in Section 2. Results of
our analysis and lists of the derived global stellar parameters are
presented in Section 3. Discussion follows in Section 4.

2. Observations
2.1. TESS photometry and data reduction

HD 210684 (TIC 259017938) has been observed by TESS
(Ricker et al. 2015) several times during cycles 2, 5 and 7 of its
operation (see Table A.1). During each cycle, TESS covers ap-
proximately half of the sky, divided into 13 sectors. Each sector
is monitored for ~ 27.4 d using four wide-field cameras cover-
ing 24° x 24° each. Data for each sector includes a few gaps; at
least one for telescope rotation, sometimes, multiple due to bad
data.

The reduction procedure of the 24x24 pixel images of
the sky-area around HD 210684 is described in detail by
Labadie-Bartz et al. (2022, 2023). To remove the sky back-
ground and instrumental trends, the Principal Component Anal-
ysis (PCA) detrending method with five regressors was used for
the data observed with 1426 s cadence in sector 16 (see Ta-
ble A.1). In the case where the PCA detrending method results
in some flux perturbations in the vicinity of observation gaps,
a simple sky background subtraction method was used to ex-
tract the reduced light curve (LC) in sectors 15, 56 and 83. Then,
the reduced LCs were cleaned of outliers showing more than 4-
sigma deviations (where the mean value and standard deviation
were calculated for a sliding time window of a given width) and
of photometric measurements strongly contaminated by instru-
mental noise (usually at the beginning or/and at the end of TESS’
observation in each sector). To ensure a proper evaluation of the
mean value and standard deviation for the sliding time window
the width of 71300 sec. was used to remove outliers from data
in sectors 15 & 16, and of width 31600 sec for data in sectors 56
& 83. The reduced flux and its error-bars were transformed into
stellar magnitudes for further analysis.

To study the splitting of high-overtone pulsations (see Sub-
section 3.1) we have also used light curves observed with
120 seconds cadence from sectors 15 & 16 (see Table A.1) and
produced by the TESS Science Processing Operations Center
(SPOC) pipeline2 (Caldwell et al. 2020).

2.2. Spectropolarimetry with ESPaDOnS

After detection of rotational modulation in the photometric data
accumulated by TESS for HD 210684 during cycle 2 (sectors

2 https://archive.stsci.edu/hlsp/tess-spoc

Article number, page 2

Amplitude, mmag

0 0.2 0.4 0.6 0.8 1
Frequency, d?t

Fig. 1: DFT of the combined photometric data obtained for the
low frequency domain. The most prominent signal and its over-
tones are caused by rotational modulation of the studied LC.

15 & 16) this roAp star was selected for follow-up spectropo-
larimetric observations with the spectropolarimeter ESPaDOnS
(Echelle SpectroPolarimetric Device for Observations of Stars)?
installed at CFHT. ESPaDOnS uses the deep-depletion e2v de-
vice Olapa that allows it to produce high-resolution (R=65000)
Stokes I, V, Q & U spectra in the spectral domain from 3700A
to 10000A. The optical characteristics of the instrument and its
performance are described in detail by Donati et al. (2006)*. The
dedicated package Libre-ESpRIT (Donati et al. 1997) was em-
ployed by the CFHT’s team to reduce the Stokes I spectra and
the Stokes V circular polarisation obtained for HD 210684.

This target has been observed with ESPaDOnS during sev-
eral semesters starting from the 2021B semester (CFHT) and
finishing with the 2025B semester (CFHT). Luckily for us, the
acquired high-resolution and high signal-to-noise ratio (SNR)
Stokes I & V spectra cover the time interval before and after
the time-interval of TESS observation of HD 210684 in sectors
56 and 83 (see Tables A.1, A.2). This fortunate time coverage al-
lows us to measure the values of rotational phases with high pre-
cision, as is required for a study of the mean longitudinal mag-
netic field variability. The first spectrum of the target acquired
on HJID= 2459177.70782 has a relatively small SNR (<100, see
4™ column in the Table A.2) for Stokes I & V spectra at the
echelle order #38 centered at 596 nm due to bad weather con-
ditions. Considering that all spectropolarimetric observations of
HD 210684 were acquired by ESPaDOnS in the snapshot mode,
we decided to keep a relatively high exposure time and requested
a high SNR bf of over 400 per four exposures even under poor
weather conditions.

3. Data analysis
3.1. Study of photometric variability of HD 210684

The reduced data of TESS stellar photometry from all four
available sectors were combined and analysed with the help of

3 CFHT’s web page for ESPaDOnS:
https://www.cfht.hawaii.edu/Instruments/Spectroscopy/Espadons/

4 For more details about this instrument, the reader is invited to visit
www.cfht.hawaii.edu/Instruments/Spectroscopy/Espadons/



V. Khalack and C. Lovekin: Study of photometric and spectral variability of the roAp star HD 210684

Amplitude, mmag
E

0.02

0.01
o m | ‘\M | A i
116.5 116.6 116.7 116.8 116.9 117 117.1 117.2

Frequency, at

Fig. 2: The same as Figure 1, but for a higher frequency range.
Frequencies of the three detected signals are split with the rota-
tional frequency which allowed to confirm our correct estimation
of the rotational period.
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Fig. 3: Light curve of HD 210684 folded with the derived rota-
tional period.

Period04 (Lenz & Breger 2005). We have employed the Dis-
crete Fourier Transformation (DFT) method to derive frequen-
cies with significant (SNR>4) amplitudes at the low frequency
domain (see Fig. 1). Error bars for the resulting frequencies,
amplitudes and phases were calculated using the least-square
method and Monte-Carlo method, both implemented in Pe-
riod04. The most significant peak appears at the frequency
Vior=0.1991286+0.000002d~" which corresponds to the rotation
period P=5.02188+0.00005 d. This period is used to estimate
rotational phases for each obtained spectrum (see Table 2).

We have applied the code Period04 to TESS-SPOC 120 sec.
cadence data from sectors 15 & 16 combined with TESScut
158 sec. cadence data from sectors 56 & 83 (see Table A.1),
and have found three significant signals (see Fig. 2) that corre-
spond to the roAp type stellar pulsations (for more details, see
Kurtz 1982). The three detected signals are split by the frequency
Veplie= 0.19913+0.00005 d~! which appears to be the same as the
frequency of stellar rotation.
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Fig. 4: The Kiel diagram showing the evolution tracks of the
two best-fitting models (see Table 1). The observed location of
HD 210684 is shown with 1-0 errorbars. The location of the
best fitting model based on £ = 1 (green *) and € = 2 (red o) are
shown.

The curve_fit-routine provides a phase and BJD of the first
maximum observed in sector 56, and their error-bars. The phased
LC is shifted by phase such that the zero-phase corresponds to
the maximum detected flux (see Fig. 3). This approach allows us
to derive the following ephemerides for the rotational modula-
tion in HD 210684 :

E =2459829.53514 + 0.00001 + 5.02188 + 0.00005 BJD,

where the first member specifies BJD for the LC maximum,
while the second member provides rotational period. Figure 3
shows non-sinusoidal variability with the flux minimum located
close to the phase ¢=0.45, and some "flat" areas around ¢=0.25
and 0.7.

3.2. Rotational splitting

To fit the detected frequencies assuming their rotational splitting
we have employed MESA version 12778 (Paxton et al. 2011,
2013, 2015, 2018, 2019) to calculate a grid of stellar structure
and evolution models, and GYRE (Townsend & Teitler 2013;
Townsend et al. 2018) to simulate linear non-adiabatic pulsa-
tions for each derived model (see Appendix B for more details).

With only one observed frequency triplet, we do not expect
to be able to tightly constrain the star based on comparison to
the theoretical models, although we are able to rule out some
regions of the parameter space. To determine which models fit
the observations, we identified a subset of 223 models where the
central frequency of the model triplet was within 0.05 d~! of
the observed value. We then determined which of these models
showed the lowest difference from the observed splitting. This
process was done separately assuming the triplet was an £ =
1 and an ¢ = 2 mode. The parameters for the two best fitting
models are summarized in Table 1.

We found that the properties of the best fitting models are
very similar to the observed properties of HD 210684. As shown
in Figure 4, the best fitting model with ¢ = 1 is within the er-
ror bars of the star (see Table 1). Nevertheless, the models with
¢ = 2 result in a better agreement with the found values of the
angle between the axis of magnetic dipole and the rotation axis
B = T77° = 3° (see Subsection 3.5), and the equatorial velocity
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Table 1: Properties of the best-fit models.

Mass Radius f,, VZAMS Veg Age X, ¢
Mo)  Ro) (kms™) (kms™") (Gyr)

2.3 3.52 0.0 50 32.1 6.56 0.025 1
1.8 3.07 0.03 40 26.6 145 0.223 2
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Fig. 5: An example of fitting the observed Balmer line pro-
files (black dashed line) of HD 210684 by synthetic spectrum
(red line) that corresponds to the model of stellar atmosphere
with Teg = 7528+150 K, logg = 3.68+0.1, [M/H]= 0, [a/H]=
0.3320.1, and to the values of vsini = 16.0+0.5 km s~!, v,= -
18.0+0.5 km s~ (y?/v = 0.3255). Differences between the ob-
served and synthetic profiles are shown at the bottom of this im-
age (blue line). The Balmer line profiles are shifted by 0.5 and
the differences are shifted by 0.1 for the sake of visibility. The
observed spectrum has been obtained on HID=2460773.14071
that corresponds to the rotational phase ¢=0.899 (see Table 2).

30.9+0.6 km s~! (see Subsection 3.4). The fits with £ = 2 are
also more consistent with the observed pulsation, as in our grid,
only the coolest models (log Ter < 3.85) are predicted to have
positive growth rates (see Appendix B). The model fit assuming
¢ = 1 pulsations has a negative growth rate, while the £ = 2
model has a positive growth rate.

3.3. Fitting of Balmer line profiles

From the Stokes I spectra, the observed Balmer line profiles and
metal lines in the wings were fit with synthetic profiles calcu-
lated by Husser et al. (2013) for stellar atmosphere models with
different Tg, log g, and abundance of @-elements (O, Ne, Mg,
Si, S, Ar, Ca, and Ti) under the condition of solar metallicity for
other elements using the code PHOENIX-16 (Hauschildt et al.
1997) and an approach similar to Hauschildt et al. (1999). The
code FITSB2 (Napiwotzki et al. 2004) was employed to fit the
Balmer line profiles and estimate the values of T.g, log g, abun-
dance of a-elements, rotational velocity vsin 7, and radial veloc-
ity v, of the studied target (see Fig. 5). We have used the abun-
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dance of @-elements as a free fitting parameter assuming that
the other chemical species have solar abundance. HD 210684
possesses a relatively weak magnetic field, and the lowest value
of vsini=16.0+0.5 km s~! derived from the analysis of Balmer
line profiles coincides with the rotational phase ¢ =~ 0.9, where
the mean longitudinal magnetic field (B,) is close to zero. Con-
sidering that the absolute value of the measured (B,) never ex-
ceeds 200 G (see Table 2), we assume here that the weak mean
horizontal magnetic field does not contribute substantially to the
magnetic broadening.

The best fit values of T.g, log g, abundance of a-elements,
rotational velocity vsini, and v, and their associated error-bars
based on the fitting of the Balmer line profiles in the Stokes I
spectra are shown in Table 2 in the columns 3, 4, 5, 6, and 8 re-
spectively, together with the best fit parameter y?/v in column 9.
The corresponding rotational phases in column 2 have been cal-
culated with respect to the derived rotational period P=5.02188 d
(see Subsection 3.1) taking into account HIDs (column 1) corre-
sponding to the acquisition time of each analysed spectrum.

The best fits with the lowest values of y?/v correspond to
the rotational phases ¢=0.49 and 0.90, where (B;) is close to
zero. The results obtained for the second phase with the lowest
x?/v=0.3255 are shown at Fig. 5. It should be also noted that the
largest values of y?/v are derived for ¢=0.20 and 0.68, where
(B,) reaches its extrema.

For the rotational phases ¢ = 0.14 — 0.39 that correspond to
the significant positive (B,) measurements (see Fig. 6), the best
fit of Balmer line profiles has resulted in a strong overestimation
of Tesr, log(g) and vsini with relatively high values of the best fit
parameter 2 /v (see Table 2). The aforementioned phases corre-
spond to the first plateau observed at the phased LC (see Fig. 3).
It appears that when the positive magnetic pole is most visible
in HD 210684 around ¢ = 0.20, one can also see a "hot spot"
in its vicinity towards the stellar equator that contributes to our
measurements of T.g and log(g). This hypothesis is supported
by the measured radial velocity that changes significantly in this
phase interval from -17 km s™! to -19.5 km s~!, while the vsini
reaches its maximum values (see Fig. 7), suggesting that the "hot
spot" appears at ¢ = 0.0, crosses the central meridian of the star
around ¢= 0.20, and contributes to widening of observed Balmer
line profiles. Nevertheless, to have a clearer picture and explain
why the maximum of the derived LC appears at ¢= 0.0 we need
to acquire more spectra around this rotational phase.

Considering the high derived values of x?/v for the best fits
in the phase interval ¢=0.14 — 0.39 and that our simulation of
stellar pulsations in HD 210684 argues in favor of coolest mod-
els with log T < 3.85 (see Subsection 3.2) we used data from
other rotational phases to derive proper values of Teg= 7550 %
150 K and log(g)=3.7. The best fits obtained for the Balmer
line profiles in all phases shows slightly enhanced abundance of
a-elements [a/H]~0.35 assuming the solar abundance for other
chemical species.

3.4. Global stellar parameters

Using the stellar radius found for HD 210684 by Kervella et al.
(2019) and the value of rotational period (see Subsection 3.1)
one can estimate the equatorial velocity from

50.5927R
Veq = T*’ (1)

where the stellar radius is measured in Ry, which is recom-
mended by the XXIXth International Astronomical Union (IAU)
General Assembly in 2015 to be 695700 km (Prsa et al. 2016),
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Table 2: Global stellar parameters of HD 210684 derived from the analysis of Balmer line profiles visible in the acquired spectra
(see Table A.2) and LSD measurements of the mean longitudinal magnetic field at corresponding rotational phases.

HID Rot. Test, log(g) [a/H] Vr, kms~! vsini, Xz/v (B,), (Ny),
(2400000+) phase K Balmer LSD kms~! G G
59805.12729 0.140 7815+150 4.65+0.10 0.36+0.10 -17.1£0.5 -17.3+0.1 20.0+0.5 0.5385| 102+4 -2+5
59177.70782 0.202 7784+150 4.47+0.10 0.20+£0.10 -18.4+0.5 -18.6x0.1 19.0+0.5 0.6890 | 155+£27 42427
60282.77044 0.252 7828+150 4.73+0.10 0.35+0.10 -19.2+0.5 -19.4+0.1 19.0+0.5 0.5587 | 1114 3+4
59835.83241 0.254 7819+150 4.68+0.10 0.34+0.10 -19.4+0.5 -19.6+0.1 19.4+0.5 0.5379 | 103+4 2+4
60237.84741 0.307 7784+150 4.65+0.10 0.34+0.10 -19.5+0.5 -19.4+0.1 19.5+0.5 0.4031 84+4 0+4
59459.89670 0.394 7739+150 4.53+0.10 0.34+0.10 -19.6+0.5 -19.4+0.1 17.0+0.5 0.3889 28+5 -1+5
59545.68669 0.478 7581+150 3.67+0.10 0.36+0.10 -19.2+0.5 -19.2+0.1 16.3+0.5 0.3664 175 2+5
59836.97868 0.482 7570+150 3.66+0.10 0.35+0.10 -18.8+0.5 -18.8+0.1 16.5+0.5 0.3841 10+4 -3+4
60093.10957 0.485 7534+150 3.67+0.10 0.36+0.10 -18.7+0.5 -18.7+0.1 16.6+0.5 0.3768 16+5 2+5
60243.78181 0.488 7581+150 3.68+0.10 0.37+0.10 -18.9+0.5 -18.9+0.1 16.4+0.5 0.3693 14+4 4+4
59832.00028 0.491 7573+150 3.68+0.10 0.35+0.10 -19.0+0.5 -19.0+0.1 16.4+0.5 0.3533 20+4 -5+4
60238.86927 0.510 7558+150 3.66+0.10 0.37+0.10 -18.1+0.5 -18.1+0.1 16.7+0.5 0.3664 12+4 -0+4
60896.87912 0.539 7559+150 3.67+0.10 0.38+0.10 -18.2+0.5 -18.1+0.1 17.3+0.5 0.3909 2+4 2+4
61017.75834 0.609 7574+150 3.65+0.10 0.42+0.10 -18.4+0.5 -18.4+0.1 18.0+0.5 0.4267 -31+4 0+4
59837.95679 0.677 7553+150 3.65+0.10 0.42+0.10 -18.7+0.5 -18.6+£0.1 18.6+0.5 0.4216 -45+4 2+4
59180.71352 0.801 7535+150 3.68+0.10 0.38+0.10 -19.1+0.5 -19.2+0.1 18.2+0.5 0.3670 -19+4 8+4
59868.84363 0.827 7537150 3.67+0.10 0.35+0.10 -19.1+0.5 -19.3+0.1 17.3+0.5 0.3314 -17+4 7+4
60280.71959 0.844 7551150 3.67+0.10 0.35+0.10 -19.6+0.5 -19.7+0.1 17.2+0.5 0.3321 -16+3 3+3
59547.68653 0.876 7490+150 3.73+0.10 0.31+0.10 -18.9+0.5 -19.2+0.1 16.7+0.5 0.3512 -11+8 -5+8
59542.68543 0.880 7511150 3.70+0.10 0.34+0.10 -18.8+0.5 -19.0+0.1 16.7+0.5 0.3335 -10+4 1+4
60773.14071 0.899 7528+150 3.68+0.10 0.33+0.10 -18.0+0.5 -18.2+0.1 16.0+0.5 0.3255 -9+4 1+4
60316.68966 0.998 7561+150 3.67+0.10 0.35+0.10 -15.9+0.5 -16.1+0.1 17.4+0.5 0.3952 14+4 1+4
1501
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Fig. 6: Variability of the mean longitudinal magnetic field (blue
open circles) with the phase of rotational period P=5.02188 d.
approximated by the simulated (B,)-curve (green line) assuming
model of the centered magnetic dipole. Red open triangles show
level of the possible instrument polarization, (N, ), inferred from
the null profile.

and the period is measured in days. The resulting value for equa-
torial velocity is 30.9+0.6 km s! (see Table 3), and, in combi-
nation with the most probable value of vsini=16 km s~! derived
from the fitting of Balmer line profiles, it results in an angle
i = 31° + 2° that specifies inclination of the rotational axis to
the line of sight.

Blomme et al. (2022) have shown that the template parame-
ters Tef, log g, and [M/H] (Fouesneau et al. 2022) used by CU6
are not necessarily a good description of the spectral type of the
star in he Gaia DR3 archive. Nevertheless, the values of Teg

08 1 12 14
Phase

Fig. 7: Variability of LSD radial velocity (red open squares) and
vsini (blue open circles) with rotational phase.

and log g derived in this study from the best fit of Balmer line
profiles (see Subsection 3.3) are in good accordance with the
data found in TESS Imput Catalogue (TIC) (Stassun et al. 2018,
2019) and Gaia DR3 archive (Fouesneau et al. 2022) consider-
ing the error-bars. The effective temperature determined here,
T = 7550 = 150 K, is close to the upper limit found for Teg
from the analysis of stellar pulsations.

Considering that the obtained equatorial velocity 30.9+0.6
km s~ and the angle § = 77° + 3° between the rotation and
dipolar axes (see Subsection 3.5) better describe the amplitude
ratios for the observed pulsation triplet in the best fit model with
¢ = 2 modes (see Appendix C), we have derived probable age of
HD 210684 to be around 1.45 Gyr (see Table 1). Its stellar mass
M,= 1.8 Mg and radius R,= 3.07 Ry derived from the simula-
tion of stellar pulsations (see Subsection 3.2) are in good accor-
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Table 3: Global stellar parameters known and derived for
HD 210684 (TIC 259017938).

Parameter TIC* GaiaP* This article
Ter, K 7568 + 120 76105 7550 + 150
logg 3.87 £ 0.08 3.811+0.005 3.7+0.1
[a/H] 03+0.1
Ve, km s™! -19.0 + 0.5
Ly, Lo 19.27 + 0.64

R«, Rp 2.55+0.08 2.66 +0.13 3.07 = 0.06
M,, Mg 1.76 £ 0.30 2.03 +£0.10 1.8
age, 10° yr 1.45
vsin i, km s~! 16 +£0.5
KB, G <200

P, days 5.02188+0.00005
Veg, km s 309 +0.6
i 31°x£2°
B 77° +3°

Notes: “Stassun et al. (2018, 2019), *DR3: Fouesneau et al.
(2022), “‘DR2: Kervella et al. (2019).

dance with the data provided by TIC (Stassun et al. 2018, 2019),
and Gaia DR3 (Fouesneau et al. 2022) archives (see Table 3).

3.5. Magnetic field evaluation

Normalized Stokes I & V spectra of HD 210684 have
been used to calculate the LSD profile (Donatietal. 1997;
Kochukhov et al. 2010) and to measure (B,) with the help of
SpecpolFlow software (Erba 2024; Folsom et al. 2025). This
code’ was initially developed by Dr. Colin Folsom to anal-
yse data provided by spectropolarimeters ESPaDOnS and Neo-
NARVAL (or by NARVAL in the past), and is currently updated
and supported by the SpecpolFlow team developers in the frame-
work of the MOBSTER collaboration.®

To calculate LSD profiles we created line-masks com-
piled from the list of atomic data for spectral lines inferred
from the VALD3 database (Piskunov et al. 1995; Kupka et al.
1999, 2000) for our target with T.g=7550 K, log(g)=3.7 and
[M/H]=0.0 (see Tables 2, 3) assuming microturbulence veloc-
ity Vmic= 2 km s~!in the spectral domain from 3700A to 9500A.
The first mask contains data for 7404 lines that belong to dif-
ferent chemical species, while the second list of lines with high
Lande factor (>1.2) includes only 3316 entries. Considering that
the derived vsini= 16.0 km s~! we adopted LSD width of
20 km s~! to calculate the mean longitudinal magnetic field. The
use of two different line-masks results in almost the same (B,)
values, but we report here only the data obtained with the line-
mask containing solely lines with the high Lande factor because
the final error-bars appear to be more realistic as compared to the
measurement of polarized signal (V,) from the null profiles (see
Fig. 6). Corresponding radial velocities were derived by fitting
a Gaussian function to LSD Stokes I profiles (see column 7 for
LSD v, in Table 2). For each studied rotational phase, they are
in a good accordance with the radial velocities derived from the
fitting of Balmer line profiles.

Figure 6 presents the obtained (B,) values that show clear
variability with the rotational period P=5.02188 d derived from
the TESS photometry. The mean longitudinal magnetic field

5 https://folsomcp.github.io/specpol Flow/index.html
6 https://mobster-collab.com/
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reaches its maximum at the rotational phase ¢= 0.21 which is
shifted with respect to the maximum on the phased LC at ¢= 0.0
(see Fig. 3). Unfortunately, the measured (B,) maximum has the
largest error-bar because it corresponds to the spectrum with the
lowest SNR (see Table A.2). The minimum of (B,) with signif-
icant field is found around the phase ¢ ~ 0.68 that corresponds
to the second plateau on the phased LC observed after the min-
imum (see Fig. 3). The employed LSD method provides quite
small values of the significant mean longitudinal magnetic field,
which is less than 200 G in its maximum.

In the case of centered magnetic dipole the oblique mag-
netic rotator (OMR) model provides the following expression
(see Babcock 1958; Mathys 1988; Bagnulo et al. 1996; Khalack
2002, for more detail):

2

to approximate the measured (B,) variability with a theoretical
curve (see green line in Fig. 6). Here, B, specifies intensity of the
surface magnetic field at the magnetic pole, and ¢y is the phase
shift. We can see that the positive magnetic pole is most visible at
the rotational phase ¢ ~ 0.21, while the negative magnetic pole
appears around ¢ ~ 0.68. By fitting (using the curve_fit routine
from python’s scipy.optimize’ library) Eq. 2 to the mean longi-
tudinal magnetic field measurements phased with the rotational
period we derived the angle between the dipole and rotation axes
B = 77° + 3° for the known inclination of the rotation axis to the
line of sight i = 31.2°+1.8°. The fact that the derived approxima-
tion does not fit (B,) measurements well at all indicates that the
real surface magnetic field structure is different from the dipo-
lar configuration, and higher multipoles (Bagnulo et al. 1996) or
a decentered magnetic dipole (Khalack 2002, 2005) should be
considered.

(B;) ~ Bp(cosBcosi+sinfsinicos (¢ + ¢o)),

3.6. Rotational variability of the observed LSD line profiles

The LSD Stokes I & V profiles simulated for each spectropo-
larimetric spectrum of HD 210684 (see Subsection 3.5) were
phased with the rotational period to study their variability that
could contain information about a horizontal abundance strati-
fication of different chemical species. Despite the derived (B;)
being very weak, the simulated LSD Stokes V & I profiles show
clear variability with the rotational phase (see Fig. 8).

The simulated LSD Stokes I profiles show significant asym-
metry at the next intervals of rotational phases ¢= 0.25 — 0.39
and 0.80 — 1.00, suggesting that a horizontal stratification of
chemical abundance (and respectively of surface temperature)
is most pronounced at these phases. The strongest asymmetry
of the LSD Stokes I profile is observed at ¢= 0.307 and 0.394,
where the radial velocity remains constant, vsin i and {(B,) drop,
and the phased LC also decreases after passing the first plateau
(see Figs. 3, 6 and 7). The observed variability and asymmetry
of the LSD Stokes I profiles indicates a presence of horizontal
abundance stratification in stellar atmosphere of HD 210684.

4. Discussion

A detailed analysis of the TESS light curve for HD 210684
in sectors 56 & 83 revealed a triplet of high-overtone pulsa-
tions around the frequency v,=116.825 d~! which confirms its
classification as a roAp type variable (Holdsworth et al. 2024).
We have found a signal at lower frequencies that corresponds

7 https://docs.scipy.org/doc/scipy/reference/optimize.html
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Fig. 8: Variability of the LSD Stokes I (left) and V (right) profiles
with rotational phase. LSD profiles are shifted vertically with the
rotational phase for the sake of visibility, but those shifts remain
small for the same of similar phases.

to the rotational modulation of the light curve with the pe-
riod P=5.02188+0.00005 d. When the estimated error bar on
this rotational period is taken account, it appears to be slightly
lower than the one reported by Balona (2022). In our astero-
seismic models, the driving region for these pulsations occurs
quite close to the surface (> 0.85R, in both cases). Assuming
that the observed triplet at 116.825 d~! is rotationally split by
Av=0.19913 d~! (P= 5.0219+0.0009 d) in the driving region,
we see no evidence of differential rotation in this star.

We compared the observed triplet with model frequencies
calculated using MESA and GYRE. We do not provide tight
constraints on the star. Overall, we find that models with high
overshoot and low mass are ruled out by comparison with the
observed rotational splitting. There does not seem to be a strong
preference for a particular overshoot parameter based on our
model grid. Overall, we find that very few of the models in our
grid are predicted to have driven frequencies in the range of ob-
served frequency triplet. Only the most evolved, coolest models
show values of 7 > 0 for both £ = 1 and £ = 2 modes. This sug-
gests the star has evolved quite far along the main sequence. The
best fit model parameters depend on whether the triplet is as-
sumed to be £ = 1 or £ = 2. In the £ = 1 case, the mass is higher
and the overshoot is lower than in the £ = 2 case. Both of the best
fit models are in good agreement with the observed log 7. sy and
log g of the star (see Fig. 4). However, in our best fit model the
¢ = 1 frequencies are not predicted to be excited. In addition, the
modes with ¢ = 2 result in the angle between axes of magnetic
dipole and stellar rotation of 8 ~ 90° (see Appendix C) closer to
the observed value of 8 = 77° + 3° derived under the assump-
tions of the OMR model from the observed variability. As such,
we believe that preference should be given to models with £ = 2
modes. However, it should be noted that our simulations were
carried out without considering the effects of any magnetic field.

Our estimates of the global stellar parameters derived from
fitting Balmer line profiles observed in ESPaDOnS spectra are in

good agreement with the data inferred from TIC (Stassun et al.
2018, 2019) and DR3 (Fouesneau et al. 2022) archives (see Ta-
ble 3). Using the stellar radius provided for HD 210684 by
Kervella et al. (2019), its rotational period and vsini derived in
this study we estimated the equatorial velocity (see Eq. 1) and
the angle of inclination of the rotation axis to the line of sight
i = 31° £ 2°. Using the model with £ = 2 modes one can predict
that HD 210684 continues its evolution on the main sequence
(see Fig. 4) having an age of 1.45 Gyr.

Application of the LSD approach to the normalized Stokes I
& V spectra resulted in detection of the mean longitudinal mag-
netic field that varies with the derived period of stellar rotation.
It reaches its maximum at ¢= 0.20, which corresponds to the be-
ginning of a plateau on the phased LC (see Subsection 3.5). The
derived (B,) measurements are quite small (< 200 G), but sig-
nificant at the rotational phases when positive or negative mag-
netic poles are most visible. Variability of the (B,) measurements
phased with the rotational period appears to be different from
the curve predicted by the OMR model of a centered magnetic
dipole (see Fig. 6) suggesting that configuration of the surface
magnetic field is more complex than a dipole.

Considering that HD 210684 is a probable member of a
binary system (Kervella et al. 2019), we performed a prelimi-
nary analysis of the spectra and found no obvious spectral lines
that may belong to a secondary component. Given the mass
of the secondary proposed by Kervella et al. (2019), the contri-
bution of secondary component to the acquired spectra is ex-
pected to be negligible, which is consistent with our results.
The absence of a second component in the spectrum suggests
that all detected variability of the simulated LSD I profiles (see
Fig. 8) is caused by inhomogeneous horizontal distribution of
elements abundance in stellar atmosphere of the primary com-
ponent, which is a weakly magnetic CP star and roAp variable.
Considering that the best fit of Balmer line profiles in the spectra
acquired for ¢= 0.14 — 0.39 results in significantly higher values
of Teg, log(g) and vsini, we assume that a "hot spot" visible at
the aforementioned rotational phases may contribute to these ef-
fects. This hypothesis is supported by strong asymmetry of the
simulated LSD I profile at ¢= 0.307 and 0.394 suggesting a link
between the location of "hot spot" and patches of enhanced (or
depleted) abundance for several chemical species.

As we do not have good coverage of all rotational phases
with spectropolarimetric observations, additional high-SNR
spectra of HD 210684 are required to carry out detailed mapping
of the horizontal abundance stratification for different chemical
species and reconstruction of the surface magnetic field config-
uration. The combination of a weak ((B,) < 200G) and signifi-
cantly non-dipolar magnetic field, the presence of an area with
hotter local surface temperature, a complex structure of horizon-
tal abundance stratification, and relatively strong high-overtone
pulsations of roAp type make this a fascinating target for fu-
ture study. A comprehensive study of its nature will provide
observational constraints for theoretical simulation of magnetic
field generation in magnetic CP stars (Schleicher et al. 2023),
its impact on the horizontal and vertical abundance stratification
of chemical elements (Alecian & Stift 2021; Alecian 2023) and
for GYRE models used to calculate driven frequencies of high-
overtone pulsations in roAp stars.
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Appendix A: Journals of photometric and
spectropolarimetric observations of HD 210684.

Table A.1: Journal of photometric observations of HD 210684
(TIC 259017938) with TESS.

= (0.02, which we have adopted for our model grid. Evolution
tracks are shown for f,, = 0.02 and vz4ps = 50 km s~ in Fig-
ure B.1. The observed position of HD 210684 is marked and the
errorbars show the 1o uncertainties on the parameters based on
the fits to Balmer lines.

Sector BJD (start) fexp Background Data
(2400000+) (s) subtraction type
15 58711.389832 1426  sky background TESScut —
15 58711.389832 120 TESS-SPOC 4.2
16 58738.681763 1426 PCA detrended TESScut
16 58738.681763 120 TESS-SPOC
56 59825.262653 158 sky background TESScut 4.0
83 60559.443820 158  sky background TESScut

Table A.2: Journal of spectropolarimetric observations with ES-
PaDOnS.

Name HJID fexp SNR
(2400000+) (s) Stokes I/V

2555627 59177.70782 880 90/80

2556314 59180.71352 880  420/370
2634276 59459.89670 640  400/360
2690049 59542.68543 640  410/370
2690811 59545.68669 640  400/340
2691267 59547.68653 640  240/210
2776992 59805.12729 880  500/460
2782172 59832.00028 880  500/450
2782907 59835.83241 880  530/480
2783031 59836.97868 880  520/450
2783328 59837.95679 880  510/470
2788523 59868.84363 880  520/470
2875391 60093.10957 880  320/290
2918356 60237.84741 880  410/320
2918718 60238.86927 880  460/340
2919861 60243.78181 880  490/360
2942163 60280.71959 880  480/430
2942721 60282.77044 880  480/430
2950026 60316.68966 880  480/420
3169052 60773.14071 880  430/380
3210624 60896.87912 880  410/360
3252228 61017.75834 880  430/400

Appendix B: Simulation of stellar pulsations

We have calculated a grid of stellar structure and evolution mod-
els using MESA version 12778 (Paxton et al. 2011, 2013, 2015,
2018, 2019). The grid covers main sequence models from 1.4 to
2.2 Mg, in increments of 0.1 Mg, including the effects of convec-
tive overshoot and rotation. Rotation rates varied from 30 km
s™! to 100 km s~! on the ZAMS based on the rotational ve-
locity derived from spectroscopy. Convective mixing was cal-
culated using the mixing length theory (Bohm-Vitense 1954)
with a mixing length @ = 2.0. Convective overshoot was in-
cluded above and below convective zones using the exponential
formalism (Herwig 2000) with the overshoot parameter ranging
from O to 0.04. As discussed below, spectral fitting to the Balmer
line profiles provided [M/H]=0 with slight overabundance of a-
elements [@/H]= 0.3 = 0.1, consistent with a metallicity of Z

log g (g/cm?)

w
©
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T T
3.90 3.95

109 Tefr (K)
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Fig. B.1: Evolution tracks for 1.4 - 2.2 My models in a Kiel
diagram. All models in this figure have a rotation rate of 50 km
s~! on the ZAMS, and a convective overshoot parameter of a =
0.02. The position of HD 210684 is shown, with the errorbars
indicating 1o uncertainties on the observed effective temperature
and surface gravity.

We saved detailed models every 10 time-steps, and used
these to calculate linear non-adiabatic pulsation frequencies with
GYRE (Townsend & Teitler 2013; Townsend et al. 2018). Since
only one frequency triplet is observed, we calculated theoreti-
cal frequencies over a small range, from 115 d~! to 118 d~! for
¢ =1 and 2, with m = -1, 0, or +1. At each model, we iden-
tified the frequency triplet with a central frequency closest to
the observed frequency, v = 116.8250 d~'. Using this triplet, we
calculated the absolute value of the difference from the central
frequency. The model splitting was calculated using the average
of the (m = 1) — (m = 0) and (m = 0) — (m = —1) splitting. The
distribution of these two fit parameters are shown for f,, = 0.04
in Figure B.2.

As shown in Figure B.2, with only a single triplet, we can
place very limited constraints on the stellar parameters. Match-
ing the splitting does rule out some areas of the parameter space,
as can be seen in the bottom panel of Figure B.2. Models with
high rotation rates and low mass have splitting that is a poor
match to the observations. At lower overshoot parameters, this
region becomes much larger, as shown in Figure B.3.

Overall, our models favour the higher end of the mass range
and lower initial rotation velocities, regardless of overshoot. The
vast majority of our fits correspond to evolved main sequence
models, and those that are fit to young models using the central
frequency tend to be excluded by the fits to the splitting.

Finally, we looked at the predicted excitation of the modes
in our models, and found that neither of the best fitting mod-
els predict excited frequencies in this region. Both models have
n ~ —0.9, indicating the frequencies should be strongly damped
throughout their evolution. We looked at the growth rates of all
m = 0 modes in our grid, and found that the growth rates are
only predicted to be positive for some of the coolest models
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Fig. B.2: The difference between the model £ = 2 frequency
and observed central frequency (top panel) and the observed and
model splitting (bottom panel) for models with overshoot param-
eter f,,=0.04. Each point represents an evolution track, and the
model that best matches the central frequency has been taken
along each track. As expected, there are many possible values
based on the central frequency alone, making it hard to constrain
this star. The splitting values do rule out some regions of param-
eter space.

(log Tegr < 3.85), as shown in Figure B.4. In general, the models
that show excitation correspond to the most evolved models in
our grid.

Appendix C: Oblique pulsator model

The DFT calculated with the code Period04 for the region of
high frequencies (see Fig. 2) also provides the amplitudes of
high-overtone pulsations that can be used in the frame of oblique
pulsator model (OPM) (Kurtz 1982) to estimate the angle 3 be-
tween the axis of magnetic dipole and the rotation axis. Follow-
ing the frequency analysis performed by Handler et al. (2006)
for HD 99563 one can apply the OPM that provides a relation
for pulsation modes with =1 (Shibahashi 1986):
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Fig. B.3: The same as for Figure B.2 for models with f,, = 0.01.
The region excluded by poor match to the observed splitting be-
comes much larger at lower overshoot.

=sinBsini, (C.1)

where Af)]) is the amplitude of the central frequency in the high-

overtone triplet, Aill) and A(_ll) are, respectively, the amplitudes
of the higher and lower rotational side-lobes, and i specifies an-
gle between the line of sight and the rotational axis of the star.
For the derived amplitudes of high-overtone pulsations equa-
tion (C.1) results in sinSsini = —0.07 £ 0.07 Considering the
known angle i = 31° + 2° (see Table 3) one can derive that the
angle (3 is relatively small or close to zero (8 =~ 8‘”+8 ).

If the observed triplet of high-overtone pulsatlons consists of
modes with {=2 one should employ the following relation (Kurtz
1992; Shi et al. 2021):

A%+ A% _ 12sinfBcosBsinicosi
AP (3 cos*B-1)3 sin2i— 1)

(C.2)

where A(Z) is the amplitude of the central frequency, A 1 ) and

A(Z) are, respectively, the amplitudes of the higher and lower ro-
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Fig. B.4: The predicted growth rates for all m = 0 modes in our
model grid. Only some of the models with log Teg < 3.85 show
positive growth rates.

tational side-lobes. For the known angle i this relation can be
transformed into a quadratic equation with respect to cos (23)
and solved analytically:

32 +4aV2b2+a?

cos(2p) = o idd , (C.3)
where
AD L A@
a=6sinicosi, b= %(3 sin®i — 1).
AO

For the derived value of angle i the equation (C.3) provides 8 ~
0° (for positive sign in front of the square root) and 8 ~ 90° (for
negative sign). Clearly the error bars are large in this case, and
no constraints can be placed on the magnetic field orientation.
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